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DEVELOPMENT OF MATHEMATICAL MODEL OF INFILTRATION OF IRON SULFATE ACID
SOLUTION

To reduce the man-made load on the environment, each developed state should implement environmental measures
at enterprises. In order to increase the level of environmental safety, industrial enterprises must switch to technologies
that include systemicity, closure and complexity of the cycles and resource conservation. The main pollutants of
Ukraine include the following industries: ferrous metallurgy and mining. However, the leader is the chemical industry,
which is characterized by significant volumes of production and multiplicity of waste. The accumulation of a large
amount of waste negatively affects the environment.

According to studies by Ukrainian scientists, the chemical industry is the most harmful to the environment, which is
characterized by significant volumes of production and large volumes of waste, as well as their accumulation in large
quantities. Therefore, the question of the introduction of nature-saving technologies in these areas of life is particularly
acute. The most obvious example is the state of the soils, where there are enterprises producing pigmentary titanium
dioxide PJSC Sumykhimprom.

This article deals with the problem of utilization, processing and disposal of multi-tonnage waste products that are
contaminated with toxic substances, stored in dumps in open areas, which eventually leads to the penetration of toxic
substances into the soil, forming areas of pollution.

The purpose of the study is the penetration and accumulation of acid solutions of chemical industry waste in the soil.
The phenomenon of soil infiltration was investigated. Soil infiltration is estimated by the coefficient of filtration, which
is determined by Darcy's law. The diffusion density was determined experimentally - 1.63 « 10°° kg/m?, and the
diffusion coefficient was calculated - 1.51 « 10-® m?/s. On the basis of experimental research, an effective mathematical

model for the propagation of acid solutions of iron sulfate in soil was constructed.
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Problem statement. The main ecological problem
of today is the storage of industrial solid waste in open
territories, resulting in environmental pollution. Since
the real conditions of the functioning of natural
processes in the natural environment are characterized
by the influence of a complex set of negative factors,
the assessment of their result should be based on the
existing dynamic models of environmental feedback
under the influence of certain factors. [1].

The danger of storing iron sulfate is that it consists
of free sulfuric acid, which is 24%. Free sulfuric acid in
this case is a pollutant of the fertile soil layer, which
also makes it impossible to diagnose its accumulation in
the lower layers of soil ecosystems, which ultimately
causes a slow pollution of underground water basins
which can be located at a rather insignificant depth from
the soil surface (from 3 to 30 m).

In view of this definition of the level of danger of
the place of storage of iron sulfate is to create a
mathematical model of infiltration of its acid solutions
to the soil environment.

Analysis of recent researches and publications.

Waste from production and consumption are sources
of anthropogenic pollution of the environment on a
global scale and arise as the inevitable result of the
consumer attitude and low resource utilization rate [2].
Getting into the environment, the components of the
waste have a negative effect on the ecosystem. In
addition, the waste composition is often not investigated
or studied only by the main components. The biggest
problem in the ecosystem is acid, alkaline and water
soluble waste, taking into account the aggressiveness of
the environment, high chemical activity and the ability
to diffusion and infiltration processes. As a result of
chemical interaction of pollutants it is possible and their

transformation with the formation of new chemical
compounds - xenobiotics, which are often more toxic
than the source pollutants. The probability of such a
transformation is greatly increased in the lithosphere
and soil ecosystems [3].

The terrible case of environmental pollution is the
large-scale waste with the acidic reaction of the
production environment of pigment titanium dioxide by
sulfate acid technology. In the worked out literary
sources, no information was found on the direct
influence of acid solutions of iron sulfate of different
concentrations on soils [4]. Due to the dissolution of
some masses of waste containing residual sulfuric acid,
acid rain solutions whose pH can reach 1. In the periods
of rain and snow falling into the lithosphere may occur
acidic solutions can be made. It can be assumed that the
effect of leakage on the soil ecosystem is predicted to be
similar to the effects of acid rain that contain SOs. Strong
changes in the acidity of the soil may cause the acid,
containing sulfur and nitrogen compounds, to enter on
its surface. Hydrogen ions that enter the soil can be
replaced by cations that are in the ground, resulting in
either the removal of calcium, magnesium and
potassium, or their deposition in dehydrated form. The
mobility of toxic heavy metals, such as: manganese,
copper, cadmium, is increasing. The solubility of heavy
metals strongly depends on pH. Dissolved by these
heavy metals, which are easily digested by plants, is a
poison for plants and can lead to death [4]. Transferring
soluble pollutants in the environment depends on a large
number of environmental factors and processes
occurring in it. The degree of influence of one or
another process may be different for different
environments, pollutants, considered moments of time
and space [5, 6].



Despite the large amount of accumulated waste
containing residual sulfuric acid, today there are
virtually no methods for assessing environmental
pollution and modeling impregnation processes.

Unfortunately, there is no information on the
relationship between sour solutions of iron sulfate and
ecosystems [7].

Scientists are currently studying the hydrodynamic
models of infiltration, which are characterized by the
movement of fluid in a hollow environment by the
theory of filtration [8] and the harm of acid solutions of
iron sulfate for living organisms. Unidentified
mechanisms of impregnation of acid solutions of iron
sulfate in soil ecosystems remained.

Statement of the problem and its solution.
Analyzing the current situation, accumulation of waste
and penetration of its acidic solutions to the soil, is an
urgent problem.

The purpose of the work is to study the processes of
penetration and accumulation of acid solutions from
chemical industry waste to the soil.

To achieve the goal set the following tasks:

- finding the density and coefficient of soil filtration;

- finding the coefficient and diffusion density;

- development of mathematical model of penetration
of acid solutions from soil waste.

To accomplish this task is the construction of a
mathematical model. The mathematical model will
reveal the location and amount of acidic solutions of
iron sulfate in the soil, which will reduce the ecological
load and increase the environmental safety of the
regions where the enterprises producing titanium
dioxide are located. The distribution of acidic solutions
of iron cumulus penetrating into the depth of soils
depends on many factors, first of all, on climatic
conditions of soil layout, physical and chemical
properties of soils, nature and sources of their input into
ecosystems, chemical and granulometric composition of
breeding rocks [4, 5].

Infiltration of acid solutions takes place due to rain
fall and melting of snow cover. The process of
infiltration occurs periodically, depending on favorable
meteorological conditions at certain intervals of time.
This process occurs to a certain depth, because the flow
of water from the surface is absorbed in its path by
particles of soil ecosystems or falls into the flow of
groundwater, which determines the depth of its
penetration.

The intensity of rainfall is the main factor in the
formation of moisture in the environment that transports
pollutants. After rainfall rain falls, water is quickly
absorbed by the medium, and then the moisture flow
stabilizes. This initial stage of rapid penetration of water
to an unsaturated moist environment is called absorption
or infiltration. Further, due to the saturation of the entire
threshold environment of the medium, the moisture flow
is stabilized. There comes the stage of motion of water
in a saturated environment - filtration.

1. Materials and methods of research.
Investigation of sulfuric acid solution infiltration was
carried out on the example of gray soil, since this type
dominates in the area of the dump of iron sulfate. In the
study of the penetration of acid solutions to the soil, the

dependence of the coefficient of filtration on the density
of the soil was established: with increasing density (with
depth) the coefficient of filtration decreased. On the
basis of experimental studies, the following factors,
such as the diffusion coefficient (1.51 - 10-8 m?/ s) and
the density of diffusion flux (1.63 - 10-10 kg / m?), were
calculated. The conducted study of the phenomenon of
soil infiltration and its basic characteristics allows to
construct an effective model of accumulation and
distribution of acid solutions of iron sulfate at different
depths to the soil environment.

For scientific substantiation and adequate numerical
study of patterns of distribution in soil ecosystems of
soluble substances it is expedient to use methods of
mathematical modeling. To determine the dependency
type when constructing a mathematical model for the
distribution of sulfuric acid content in the isolated
elementary phase of the landscape, the Wolfram
Matematika 8.0.0 program was used. With a wide range
of spatial-temporal scales, hydrological and climatic
factors, these methods do not lose their credibility.

The most promising way to solve this problem is to:

- conducting mathematical calculations;

- construction of an effective mathematical model
for the accumulation of acid solutions of iron sulfite at
different depths of the soil to the parent rock;

- filtration processes in the soil environment, which
establish the functional dependence of acidification in
the soil on spatial coordinates and time.

2. Development of mathematical model of acid
solutions of iron sulfate. The concept of concentration
of solutions of iron sulfate was based on the
mathematical model of accumulation and distribution of
acid solutions of iron sulfate at different depths to the
soil environment. Under the concept of dissolved
substance per unit volume of solution. In this case,
water containing a certain amount of acid solutions of
iron sulfate fills the empty medium, with the
concentration in it can vary both in length and in time.
In this case, the set of concentrations over time has the
form of a concentration field.

The analytical field of concentration is described by the
functional dependence (1):

C=fl,v.z t], (1)

where C - concentration of acid solutions of iron sulfate
(acidity, mg equiv); X, Y, z - spatial coordinates; t - time,
S

From function (1) it is observed that the analytic
field of concentration has the form of non-stationary
one. A stationary analytic field of concentration is only
a coordinate function and has the form (2):
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On a plane, the distribution of concentration has the
form of isoconcentration line. The change in
concentration during the transition from one
isoconcentration surface to another is characterized by a
derivative of the normal to the surfaces, and the vector



directed towards the growth of concentration serves as a
concentration gradient, and numerically, it is equal to
the module of the value of the function (2). Then the
diffusion flow can be considered as the rate of passage
of matter. That is, there is a certain amount of matter
passing through the isoconcentration surface per unit
time. If we deduce the diffusion flow to unit area of the
isoconcentration surface, then we obtain the density of
the diffusion stream.
Analytically it looks like (3):
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where G is the weight of the diffused substance, in kg; F
- area of isoconcentration surface, m%; t — time, s.

In accordance with Fick's law, the flow of matter is
described by the relation (4):
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where n is the derivative of the normal (the thickness of
the soil), m; D - diffusion coefficient, m%s; C -
concentration (water acidity of the soil).

The "-" sign indicates that the flow is directed
toward a decrease in concentration. The density of the
diffusion stream is directly proportional to the gradient
of concentration.

Soils can be neutral to diffusion. The object of the
study should be an inhomogeneous medium consisting
of at least two components (an empty medium and a
liquid that fills it). Each component takes an active part
in the diffusion process. If the medium is statistically
homogeneous, then the mathematical model of the
displacement of acid solutions of iron sulfate is
described by the following equation (5):

A d:c  _acC
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where - speed, m/s; x - vertical coordinate; D - diffusion
coefficient, m/s?,

According to equation (5), the diffusion coefficient
and the velocity of motion are empirical in nature and
their values are ambiguous in the account of a humber
of transfer characteristics in the sorption environment.

To solve equation (5) it is necessary to supplement it
with the boundary and initial conditions, in the case
when the field is unsteady and boundary, if it is
stationary. Boundary conditions reflect the situation on
the border where infiltration occurs, and the initial - in
the middle of the area before the course of the
infiltration process.

In the initial concentration state of the medium the
whole of its previous concentration situation is reflected
and for the subsequent concentration changes no matter
how the given concentration field was formed.

Without convective member of equation (5) will
have the following form (6):

ac d2C
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According to the obtained laboratory data, the initial
acidity of Ng entering the soil environment is ¢; = 1.68
mg-eq., The diffusion coefficient D = 1.51 - 108 m?/s,
and the initial concentration in the soil is taken with ¢ =
0.
Using Mathematica 8, the solution of equation (5) is
obtained without a convective term:
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The developed mathematical dependencies allow us
to proceed directly to the mathematical modeling of the
processes of penetration of iron sulfate into the soil
environment.

3. Research results. The results of the solving
equations (7) obtained using the Mathematica 8 package
are presented in Figures 1 and 2.

Figure 1 - Distribution of hydrolytic acidity in 3D
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Figure 2 - Distribution of hydrolytic acidity deep
into the soil

The solution of equation (5) is considered, taking
into account the convective term. The boundary
conditions have been set that were. Then the solution of
the equation will have the following form:
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The results of the research on the solution of the
equation (9) obtained in Mathematica 8 are presented in
Figures 3 and 4.
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Figure 3 - Distribution of acidity in 3D projection
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Figure 4 - Distribution of acidity deep into the soil

At the initial stage, in the dry soil there is practically
no movement of moisture. It makes sense to use
equation (6). However, in the presence of insignificant
convection there is an increase in the acidity of the soil.
The hardening of the soil occurs faster and there is a
leveling at different depths.

In the process of studying the accumulation and
impregnation of acid solutions of iron sulfate on the
model of soil samples, a connection was established
between the values obtained by the experimental
method and the results of solving the mathematical
model (Fig. 5).
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Figure 5 - The dependence of the distribution of acidity
on the depth of soil

On the basis of the correlation analysis, a
relationship was established between the hydrolytic
acidity of the soil medium and the depth of
impregnation of acid solutions of iron sulfate. The value
of the received connection is characterized by the
correlation coefficient, calculated on the basis of the
experimental data obtained from the statistical sample
of the values of hydrolytic acidity and the corresponding
depth of soil.

The performed regression-correlation analysis
confirms that there was a close correlation between the
distribution of the content of acid solutions of iron
sulfate on the profile of the soil, according to the
calculation of the mathematical model and experimental
analysis. The correlation coefficient was 0.89.

Conclusions. Waste from  production and
consumption are sources of anthropogenic pollution of
the environment on a global scale and arise as an
inevitable result of a consumer attitude and a low
utilization rate. Getting into the environment, the
components of the waste have a negative effect on the
ecosystem. In addition, the waste composition is often
not investigated or studied only by the main
components. The biggest problem in the ecosystem is
acid, alkaline and water soluble waste, taking into
account the aggressiveness of the environment, high
chemical activity and the ability to diffusion and
infiltration processes. As a result of chemical interaction
of pollutants it is possible and their transformation with
the formation of new chemical compounds -
xenobiotics, which are often more toxic than the source
pollutants. The probability of such a transformation is
greatly increased in the lithosphere and soil ecosystems.

Creation of a mathematical model of the real process
of penetration of acid solutions of iron sulfate in the full
sense of this concept is a good way to mathematically
describe the real process of propagation and
accumulation of hydrolytic acidity in the soil
environment. As a result of the research carried out:

1. A mathematical model of penetration into the soil
of acidic solutions of iron sulfate, which can be formed
at dissolution of some mass of iron sulfate of titanium
production, is developed:

— the mathematical model allows to calculate the
hydrolytic acidity that characterizes the acidity of the
soil;

— when constructing a mathematical model,
hydrodynamic models of geophylation were used and
the main provisions of the theory of filtration.



2. According to the results of mathematical the direction of «Technology of utilization and removal

modeling, it is established that in the presence of of domestic and industrial waste»:

convection in the soil, it is faster acidification than in its 1. «Reduction of technogenic loading on the

absence. environment of enterprises of chemical, machine-
3. It is established that between the values obtained building industry and heat and power engineering» (No.

by the experimental method and the results of the SR 0116U006606).

solution of the mathematical model, there is a close 2. «Research and development of resource-saving

correlation connection of 0.89. technology of waste processing of PJSC»
Gratitude. The work was carried out within the Sumykhimprom» (No. SR 0108U007350).

framework of scientific state budget studies devoted to
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I'. B. bapcykoBa

MATEMATHUYHA MOJEJIb IHOLITBTPAIII KUCJIOT'O PO3YMHY 3AJI3HOI'O KYIIOPOCY

3rigHO 3 JOCHIJPKEHHSIMH YKPaiHCPKUX BUCHHX, HAHOUTBIIY IIKOXYy HAaBKOJHIIHEOMY CEPEHOBHUINY CIPHIMHSIE
XiMiYHa TIPOMHUCIOBICTD, SKif NMPUTaMaHHO 3HAYHI OOCATH BHPOOHHIITBA Ta OaraTOTOHHAXHICTh BIIXOIIB, a TaKOX
HAKOTMYCHHS IX Y BENHKIA KiTbKOCTi. TOMy MHTaHHS MPO BIPOBAHKECHHS IPUPON030EpIralounx TEXHOIJOTIH y IHX
chepax KUTTESUTBHOCTI CTOITH OCOONMBO TrocTpo. JloCHiIKEHO CTaH IPYHTIB, NI¢ PO3TAIIOBaHI MiATPHEMCTBA 3
BHPOOHHUIITBA MMI'MEHTHOTO IBOOKHCY TUTaHA, ofHe 3 SKuX € [TAT «CymuximMmpomy.

MeToro JOCHiIKeHHS € TPOHUKHEHHS Ta HAKOMMYCHHS KUCIOTHHUX PO3YMHIB BIAXOJIB XiMiYHOI POMHCIIOBOCTI B
IpyHTi. Byno nocnimkeno siBuiie iHbinbTpauii rpyHTy. [HQINbTpalis IpyHTIB OLiHEHO 3a KoedilieHToM (inbTparii,
AKuil BU3HAueHO 3a 3akoHoM Jlapci. JlocigHuM muisxoM 6yJI0 BU3HAYEHO MILTbHICTL Audysii - 1,63+107%0 kr/m? Ta 6ym0
po3paxoBaHo koedilieHT mqudysii - 1,51+10°8 m%/c. Ha 6a3i exciepuMeHTaIbLHUX JOCHiIkKEHs H00ya0BaHa e()eKTUBHA
MaTeMaTHYHa MOJIEb PO3IOBCIOKCHHS KUCIMX PO3YUHIB 3aJ1i3HOTO KYIIOPOCY B IPYHTI.

KurouoBi ciioBa: 3amizHuit Kyrnopoc, cipgaHa KUCI0Ta, BOZONPOHUKHICTh, 3aKHCHEHHS, AU (y3is

A. B. BapcykoBa

MATEMATHYECKAS MOJIEJb HWHOWIBTPAIIUU KHUCJIOI'O PACTBOPA IKEJIEZHOI'O
KYIIOPOCA

CornacHo ¢ HMCCIENOBAaHUAMH YKPAMHCKHX YYEHBIX, HAMOOJBUIMH BpEJ] OKPYXAIOUIEW Cpele OKas3biBaeT
XMUMHUYECKask TPOMBINLIEHHOCTh, KOTOPOI CBOMCTBEHHO 3HAYUTENLHBIE OOBEMBI IIPOM3BOJICTBA U MHOTOTOHHAKHOCTh
OTXOJIOB, & TaK)Ke HAKOIUICHHE MX B OOJBIIOM KOJIMYECTBE. [109TOMY BONPOC O BHEAPEHMH MPHPOIOCOEPETAIONINX
TEXHOJIOTHI B O5THX C(epax HKHU3HENESATENHHOCTH CTOUT OCOOEHHO OCTpo. MCCNENOBAaHO COCTOSIHHE TMOYB, TIIE
PACTIONIOKEHBI MPEANPUATHS [0 HPOU3BOJACTBY MMUIMEHTHOTO JIBYOKHCH TUTAaHA, OJHO M3 KOTOpBIX sBjserca ITAO
«CyMBIXHUMITPOM.

Llenbto Mccle0BaHus ABJISAETCS NPOHMKHOBEHHE M HAKOIUIEHME KHCJIOTHBIX PACTBOPOB OTXOJ0B XUMMYECKOM
HPOMBIIJIEHHOCTH B TI0YBE. BBUIO HMCCIIEN0BAHO SBICHHE UHOWILTPALUK T10YBbl. MHQUIbTpalMs MOYB OLEHEHa 110
K03 PUUMERTY (PHUIBTPALIMH, KOTOPBIN ONpeIeeH Mo 3akony Jlapcu. ONBITHBIM ITyTeM GbUIO ONPEAENIEHO TLIOTHOCTh
mupPysun - 1,63 » 100 kr/m®> u 6puo paccuurano koddpduument mupdysuu - 1,51  10® m?/c. Ha Gase
SKCIIEPMMEHTAILHEIX HMCCIIEN0BAHUH TOCTPOEHa S(P(EKTHBHAS MAaTEMaTHueckas MOJENb PACIPOCTPAHEHHS KHCIIBIX
PAacTBOPOB JKEJE3HOTO KYIOPOCa B MOYBE.

KaroueBble CI0Ba: JKENE3HbIH KYNIOPOC, CEPHAs KUCIIOTA, BOJOTPOHUIIAEMOCTE, 3aKUCIIEHHE, MU(Qy3us



